Abstract. Some algebraic properties of binary quadratic forms are presented, related to the fact that the product of any three values attained by a binary quadratic form with integer coefficients on the integer points of the plane is always a value attained by the same form. A sufficient condition on the form coefficients for the set of values to be a semigroup is also given In past year Arnold has found by experiments (and without any computer aid) some remarkable properties of binary quadratic forms with integer coefficients [1] . The most surprising one is the multiplicative trigroup property of the set of values reached by a quadratic form on integers, say:
In past year Arnold has found by experiments (and without any computer aid) some remarkable properties of binary quadratic forms with integer coefficients [1] . The most surprising one is the multiplicative trigroup property of the set of values reached by a quadratic form on integers, say:
where (m, n, k) are three fixed integers and (x, y) runs on the integer points plane lattice. The trigroup property means that if f attains values N 1 , N 2 and N 3 then it attains also value N 4 = N 1 N 2 N 3 . Sometimes, i. e. for special triples (m, n, k), the set of values of the binary quadratic form is a semigroup. In this case triple (m, n, k) is said perfect (the corresponding form, too, is said perfect). This is the case, for example, of the Gauss form x 2 + y 2 , whose semigroup property follows from the multiplication rule of the complex numbers z = x + iy.
Arnold proved, by different methods, that in the square [k = 0, −16 ≤ m ≤ 16, −16 ≤ n ≤ 16] 266 of the 1089 triples correspond to perfect forms [1] . Using Arnold's theorems, I found that in the cube [−5 ≤ m ≤ 5, −5 ≤ n ≤ 5, −5 ≤ k ≤ −5] 691 of the 1331 triples are perfect. They are shown in Appendix 3.
The trigroup formula (see Section 1), expressing the vector v 4 , where the form attains the value N 4 = N 1 N 2 N 3 in terms of the vectors v 1 , v 2 and v 3 , where the form attains the values N 1 , N 2 and N 3 , is not symmetrical: it provides three vectors, permuting the arguments.
In Section 1.2, I show a strange condition for the associativity of the trigroup formula.
In Section 2, I present an application Q, providing, for any four integers a, b, c, d, a perfect triple (m, n, k). I conjecture that the existence of such four integers is also necessary for the perfectness. In the case k = 0 this application allows us to find all the perfect forms series found by Arnold (Section 5 and Appendix 5). I have found quadruples a, b, c, d for all the perfect forms in the above mentioned cube (Appendix 4).
Moreover, I introduce (in Section 2), by means of integers a, b, c, d, defining perfect form f , an operation s : Z 2 × Z 2 → Z 2 such that, if on vectors v 1 and v 2 form f attains values N 1 and N 2 respectively, on vector v 3 = s(v 1 , v 2 ) the form attains value N 1 N 2 . Operation s is commutative but not associative. This fact implies that, starting from three points where the form attains respectively the values N 1 , N 2 and N 3 , we obtain three different points where the form attains N 1 N 2 N 3 . These points are exactly those given by the three-valued trigroup formula.
I define (Section 5), for every form f , two families of of operators, (whose union is denoted by P), both parametrized by two non vanishing integer vectors (u, v), acting on Z 2 and sending any conic {(x, y) ∈ Z 2 : f (x, y) = N } into the conic {(x, y) ∈ Z 2 : f (x, y) = N f (v)f (u)}. Surprisingly, the family P forms a semigroup of operators, i. e., the product of any two of such operators is still an operator of this family. This is a direct consequence of the strange associativity condition of the trigroup formula.
Moreover, through the semigroup operation s (Section 2, f is thus perfect), I define another family of operators, T, sending the conics f = N into the conics f = N ′ . Indeed, the operation s is a symmetrical bilinear mapping of the two arguments v 1 and v 2 . Hence, fixing any integer vector v, s defines a linear, in general non symmetrical, operator G v acting on Z 2 and sending any conic {(x, y) ∈ Z 2 : f (x, y) = N } into a new conic {(x, y) ∈ Z 2 : f (x, y) = N f (v)}. For every v, the square of the operator G v is the identity multiplied by f (v).
I prove that the family T is a trigroup of operators: the product of any three operators of T is an operator of T.
Moreover, when the family T does exist, the union of the two families P and T of operators is still a semigroup of operators. The operators {G v , v ∈ Z 2 , v = 0}, generate all this semigroup.
Remark. The present work was done in 2002. The author has found later, thanks to V. Timorin, the meaning of the trigroup property in terms of the quadratic fields. In paper [3] the reader finds the geometrical meaning of the trigroup formula, and the description of all semigroup operations. The fact that perfectness implies the existence of a semigroup operation is still a conjecture.
The Trigroup Formula
Let F (u, v) be the symmetrical bilinear form coinciding along the diagonal with the quadratic form (1) :
v being the vector (x, y).
Let v 1 , v 2 and v 3 be three vectors in Z 2 .
Definition. We call special compositions of vectors v 1 , v 2 and v 3 , the six vectors defined by formulae
where weights e 1 , e 2 and e 3 take values in {+1, −1} in such a way that their sum is equal to +1 or −1.
Remark 1. These vectors consist, in fact, in three pairs of opposite vectors, being A. Moroianu noticed to me that a proof of this theorem can be obtained in a freecoordinates way. Indeed, it suffices to write the determinant of the Gram matrix
Since this determinant vanishes (the three vectors v i being two-dimensional), we obtain the product F 1,1 F 2,2 F 3,3 as the value of the form on the special compositions, expressed in terms of the values F i,j (see Remark 2(2)).
Definition. We call (standard ) trigroup formula the following special composition of vectors v 1 , v 2 and v 3 :
Because of the symmetry under the permutation (v 1 , v 3 ), the trigroup formula provides three different special compositions of vectors v 1 , v 2 and v 3 , permuting its arguments. (The opposite vectors are obtained reversing all the weights).
Remark 2. Note that
(1) formula (3) is invariant under the exchange of the first with the third argument; (2) formula (3) is trilinear in v 1 , v 2 and v 3 . (3) if v 1 , v 2 and v 3 are collinear, all vectors obtained by formula (3) permuting the arguments do coincide.
1.1. A trigonometric corollary. Trigroup formula was found for quadratic binary forms on integers. However, it still holds, of course, on R 2 . The following corollary is one of the consequences of this fact.
Corollary. For any triple of angles α, β and γ such that α + β + γ = 2π, one has (see Figure 1) :
Proof. Let u, v, z be three vectors in R 2 . Define the vector w by
This is one of the three vectors obtained via the trigroup formula, using the form
The square length of w is thus:
Because of Theorem 1, |w| 2 = |u| 2 |v| 2 |z| 2 , hence, dividing the above equality by |w| 2 , one obtains the statement of the corollary.
1.2.
On the associativity of the three-group formula. Any one of such vectors, say z r , will be uniquely expressed by one of the following formulae:
Definition. Let Φ(z r ) be the unordered set of five vectors, each provided with its weight, entering in the z r expression (4a) or (4b), remembering (for the case (a)) that
Let σ be the application associating to vector z r the unordered pair of vectors in Φ(z r ) having negative weight. So, σ(z r ) = (v j , v l ) in both the above cases (a) and (b).
Theorem 2. Among the 90 a priori different vectors obtained combining formulae (3) applied to five distinct vectors, only 10 result to be different. In particular
Proof. The proof consists in the mere computation: in fact the theorem follows from a non trivial equation fulfilled by whatever set of five vectors. I shall explain the form of such equation in Appendix 1.
1 Recently, I have found a generalization of the trigroup formula for non symmetric quadratic forms. In this case the vanishing of the Gram determinant does not provide a proof of the formula. This property will be discussed in another article.
Remark. The 9 different formulae giving the same z r such that σ(z r ) = (v 1 , v 2 ) are obtained in this way: as first triples, keep the 10 possible triples of distinct vectors (v k , v l , v m ), chosen in a set of five vectors, and exclude the only one not containing neither v 1 nor v 2 . If either v 1 or v 2 are contained in the first triple, the formula for z r will be of type:
(One obtains 6 different formulae of this type permuting cyclically indices (j, k, m) and permuting indices (1, 2)).
If v 1 and v 2 are both contained in the first triple, the formula will be
(One obtains 3 formulae of this type permuting cyclically indices (j, k, m).)
The Semigroup Formula
When the values taken by the integer form f = mx 2 + ny 2 + kxy on the entire plane lattice form a multiplicative semigroup, f is said perfect and also the triple (m, n, k) is said perfect (see [1] ).
Let a, b, c, d be four integers. Define the following matrices:
Note that A and B are symmetrical and C is made by the second column of A followed by the first column of B.
Let (x i , y i ) be the coordinates of generic vector v i in Z 2 . Define the operation s :
Theorem 3. If m, n, k are defined by A, B, C in the following way:
Proof. Calculate (9) in coordinates (x, y).
Remark. Operation s is commutative, because of the symmetry of A and B.
Operation s is defined, in coordinates (x, y), by matrices A and B; the elements of these matrices define, through equations (8), the coefficients of the form in these coordinates.
Definition. We say that equation (9) is invariant under the action of a non degenerate linear operator acting on Z 2 , if the new matrices A ′ and B ′ , defining s in the new coordinates, still define, trough equations (8), the coefficients of the form in these new coordinates.
Proposition. Equation (9) is invariant under the action of SL(2, Z).
Proof. The matrix M associated to the form f = mx 2 + ny 2 + kxy in coordinates (x, y) is
Because of (8), we write matrix M as
and by the inverse of T and T t , S and S t respectively. Suppose the operator T be acting the coordinate change:
′ and B ′ be the matrices corresponding to M , A and B in the new coordinates. Thus
.
We thus obtain
which exactly correspond to the elements of matrix M ′ , i. e. to the values of the form coefficients in the new coordinates.
For the generators T t , S and S t the proof is analogous. Hence equation (9) is SL(2, Z)-invariant.
Remark. From Relations (8):
it follows that Theorem 3 implies the following geometrical statement:
Corollary. Define by quadruple (a, b, c, d) two vectors p, q in Z 3 in this way:
Triple t = (m, n, k), defined as t = p ∧ q (10) is perfect. Moreover, formulae (7) and (9), defined via parameters (a, b, c, d), do hold.
Useful consequence of formula (10) are still unknown. Remark. The conjecture that all perfect forms are generated by Q allows us to interpret results and conjectures on the numbers of the images Q(Z 4 ) in cubes of increasing side L as conjectures on the numbers of perfect forms (see [2] ). In particular, the proportion of perfect elliptic forms should decrease faster than R −3/4 and the proportion of all perfect forms faster than 2/ √ R in balls of increasing radius R.
2.1.
Relations between trigroup and semigroup formulae. Given a form f (m,n,k) = mx 2 + ny 2 + kxy and three integer vectors v 1 , v 2 , v 3 , formula (3), permuting the arguments, defines three vectors w 1 , w 2 , w 3 on which the value of the form is the product of the values attained from the form on v 1 , v 2 and v 3 . Given a perfect form f (m,n,k) and two integer vectors v 1 , v 2 , formula (7) defines only one vector, where the value of the form is the product of the values of the form on v 1 and v 2 . We are now looking for the relations between the two formulae.
The operation s is commutative but it is not associative. Given three vectors u, v, z, we can apply (7) to three different pairs (u, v), (u, z) and (v, z), obtaining three vectors, s 1 , s 2 , s 3 , where the form attains respectively the value
Hence, applying again (7) to s 1 , z, to s 2 , v and to s 3 , u, we obtain 3 different vectors w 1 , w 2 and w 3 , where the form attains the same value
Theorem 4. The three values obtained combining 2 times the semigroup formula are:
i. e. they coincide with the three values given by the trigroup formula (3).
Checking Perfectness
In this section I list some corollaries of Theorem 3, giving some hints how to check the perfectness of a form, by finding its quadruple (a, b, c, d).
Any form f m,n,k attains values m and n (f (1, 0) = m, f (0, 1) = n). Thus, if it is perfect, it attains also values m 2 , n 2 and mn. Arnold posed me the question whether these conditions are sufficient to guarantee the perfectness of f . The answer is that these conditions are not sufficient (for example, the form with triple (4, 4, 1) attains values 4 and 16 but it is not perfect: it attains value 7 but not value 49). However, these values realizability conditions are sufficient if they are reached on three special vectors defined by the following lemma: 
Proof. Relations (8) imply:
expressing the orthogonality of vector t with vectors q and p (see (10)). These expressions, multiplied suitably by one of the four parameters, and using again (8) give:
Remark. The above lemma follows also from (9), when v 1 and v 2 belong to the pair (1, 0), (0, 1).
From Theorem 3 and Lemma 1 one directly obtains the following corollaries.
Corollary 1. Every of the following conditions is sufficient to guarantee the perfectness of the triple (m, n, k):
(1) The form (m, n, k) attains value n 2 on vector (b, −c):
and the following numbers are integers:
(2) The form (m, n, k) attains the value m 2 on the vector (a, −d):
The form (m, n, k) attains the value mn on the vector (c, −a):
Examples. In the following table the values of (a, b, c, d) for five perfect forms are shown. They were found by Arnold, giving me the particular formulae proving the perfectness of these forms (the total number of parameters was at that time six, but two pairs of them were coinciding in all the five cases. I found Theorem 3 considering these particular values of parameters).
Corollary 2.
(1) If the following numbers are integers:
Example: see case 3.
(2) If the following numbers are integers:
If the following numbers are integers:
Firstly, we remark that the quadruple (a, b, c, d), defining a perfect triple (m, n, k), is not unique in general (we consider the quadruples up to reversal of the signs of all parameters). For example, simple perfect hyperbolic form 3x 2 − 2y 2 is defined by quadruple (3, 2, 2, 3) as well as by quadruple (27, 18, 22, 33).
The simplest elliptic form is the Gauss form x 2 + y 2 . It might be defined by two different quadruples: 1) (0, 0, 1, −1) and 2) (1, −1, 0, 0). In fact, vectors v 3 of square length N 1 N 2 , obtained by the semigroup formula from vectors v 1 and v 2 , having square lengths N 1 and N 2 , are, according to the two quadruples: 1) (
No one of these vectors is the product of the complex numbers defined by v 1 and v 2 . The first vector is obtained from such product by the reflection with respect to the axis y = x, the second one by the complex conjugation. Indeed, the product of complex numbers, being associative, cannot be reached by our operation. In the case k = 0, two quadruples (a, b, c, d) are easily found if the form attains 1. Let v = (p, q) be a point such that f (v) = 1.
Theorem 5. The following two quadruples define the perfect form mx 2 + ny 2 :
Proof. These numbers verify Relations (8).
Remark. Form f m,n,k is called simple if m, n and k have no common divisors (every integer being a divisor of zero). Question: Does it exist a simple diagonal perfect form which does not attain 1? 4.1. Series of diagonal forms. In the case k = 0 series of perfect triples can be found systematically.
Proposition. Given a value of m, values of n such that triple (m, n, 0) is perfect can be found in the following ways:
Case 1: |m| is prime. Find all pairs of integers (a, d) such that the following number
is integer. Thus we have c = rd, b = ra, n = −mr.
Case 2: |m| is not prime. Find all pairs of integers (a, b) such that the following numbers are integers:
In this case
Proof. The equation k = 0 for the parameters a, b, c, d reads (see (8)):
There are two possibilities:
1. b = ra and c = rd, 2. d = ra and c = rb.
where r is a rational number such that b and c are integer in the former case, and d and c are integer in the latter one. Case 1. According to (8), the coefficients of the form in terms of a, d and r are equal to:
Solving in r the first one of these equations, and putting the solution in the second one and in the expressions of b and c in (12.1), one obtains the proposition in case 1. Case 2. The coefficients of the form are:
The value of m in this case must be divisible by a, because of the first one of these equations. Putting m = sa, we obtain r = and n = (a − s) 2 − ab.
One may find perfect triples (m, n, 0) using the above proposition.
is integer, also b and c are integer and (m, n, 0) is perfect. Now, for d = 1 we obtain all triples (−1, a 2 + 1, 0). For d = 2, 3 and 4 there are no solutions, because a 2 modulo 4, 9 and 16 is never equal to −1. For d = 5 we have the solution a = 18, n = 13 (b = 234 and c = 65) and so on.
Case 2. Let m = 6. Thus a may take different values. In the following table the quadruples with b = 1 corresponding to the perfect triple (m, n = (a − s)
2 − a, 0) are shown: Here I introduce two families of linear operators parametrized by two and by one integer vector of Z 2 respectively. I prove, through the trigroup and the semigroup formulae, that the first family forms a semigroup of operators, and the second family a trigroup. Moreover, the union of the two families is a semigroup of operators.
Generalized reflections.
In [1] Arnold introduced, for every hyperbolic quadratic form f on Z 2 , a linear operator acting on R 2 , preserving the integers points lattice and sending every hyperbola f = const into a similar hyperbola (reversing its orientation). If v = (x, y) is an integer point such that f (v) = 1, then the action of the operator on w is:
Remark 1. This construction can be extended to any form (also positive definite).
Remark 2. Equation (13) defines, when v is a non integer point on the conic f = 1, an operator non preserving the integer plane lattice and sending every hyperbola f = const into itself. However, the following proposition holds.
Proposition. Given two integer points w and w ′ on the same conic (i. e., satisfying f (w) = f (w ′ ) = N ), there exist always an integer vector u (non necessarily on the conic f = 1) such that:
Proof. Given two integer points w and w ′ on the same conic, their sum u = w +w ′ is still an integer vector. Consider the operator
We have
Hence R u transforms w into w ′ and vice-versa.
Moreover, note that R λv = R v , i. e., R v depends only on the direction of v. Hence there exists always a vector v (namely, v = u/ f (u)), in general non integer, such that f (v) = 1, acting the reflection w ↔ w ′ . The vector v is found graphically: its direction is that of w + w ′ , and its extreme is on the conics f = 1. In the next figures I show the elliptical and the hyperbolic case: note that in the case of the Gauss-form the operator R v is exactly the reflection with respect to the straight line containing vector v. Calling w ′ = R v (w), we see that vector w ′ is obtained by the trigroup formula putting v 2 = w and 
Note that T u,v is symmetrical with respect to the parameters u, v, whereas T v u is not symmetrical. In coordinates v = (x, y) and u = (p, q):
Each of these operators transforms vector w into a vector where f attains value
Operator T u,v can be considered as a generalized reflection, indeed:
Moreover, note that det(T u,v ) = −f (u)f (v). On the contrary, we have
The sets of operators T u,v and T u v , when u and v vary on the integers plane lattice excluding the origin, generate, under multiplication, a (non commutative) semigroup of operators of GL(2, Z), sending conics f = N into conics f = N ′ . A natural question is whether these operators do form this semigroup, i. e. whether the product of two operators can be written as an operator of such type. The answer is given by the following theorem.
Theorem 6. The family P of operators T u,v and T v u forms a semigroup of operators. To wit, the product of any two operators of P can be written as an operator of P:
Here, the operator T i (u, v) (i = 1, 2, 3) is either of the form T u,v or of the form T v u and one of the vectors (r, s) is one of the vectors in the set {u, v, w, z}, whereas the other one is obtained applying the trigroup formula to the remaining triple of vectors in that set in the following way:
Remark. Equations (17) have the following symmetries 2 :
Note that the operators T v u and T z w commute, whereas the operators T u,v and T w,z do not commute.
Proof. The proof is based on the associativity property of the trigroup formula (Section 1.2). Indeed we have, for any vector ξ
We apply Theorem 2 to verify equations (17). We have in case (i): Corollary. The product of three generalized reflections is a generalized reflection:
Proof.
Applying equation (17.iii) and its symmetry we obtain
By the symmetry of the second term of (i) this operator is equal to
Applying again (17.iii) we represent it on the form
Note that the expression of s, and hence equation (18), is invariant only under the exchange of u and z, but not under permutations of all vectors u, v and z. Hence operators R v , for different v, do not commute.
This corollary has the following consequence:
The set of products of pairs of reflections R v R u is a semigroup of operators, namely (R u R v )(R z R w ) = (R u R v R z )R w . These products do not reverse the orientation.
5.3. The trigroup of operators G v . Formula (7) defines, fixing a vector v 1 , a linear operator transforming v 2 into v 3 . If (p, q) are the coordinates of the vector v = v 1 , this linear operator is defined by its matrix ap + cq cp + bq −dp − aq −ap − cq .
Theorem 3 says that the operator G v transforms the conic
The square of the operator G v is the operator T v v , i. e. the identity operator multiplied by f (v).
One can verify, by calculations, the following equations. 
Remark that the operators G v , for linearly independent vectors v, do not commute.
The family of the operators G v , (v ∈ Z 2 ) do not form, under multiplication, a semigroup. However, the following theorem holds:
Theorem 7. The family of the operators G v forms a trigroup, T, of operators: the product of three operators of T is an operator of T.
Proof. Because of Proposition 1, we have to prove only that the product of G v by an operator of type T z u is an operator of type G w . In fact, by mere calculations one may verify the following equations:
The extended semigroup
Corollary. The union of the families of operators P and T is a semigroup. This semigroup, denoted by PT, coincides with the semigroup generated under multiplication by operators G v , T v u and T u,v . Proof. This corollary follows directly from Theorem 6 and from equations (21).
Moreover, we remark that the product of the operators of type (17.i) and (17.iii) belong to the same classes:
Theorems 6 and 7 have also the following corollary, because of Proposition 1.
2 , generate the whole semigroup PT, whereas operators G v and the products of all pairs G v G u do form the semigroup itself. Remark 1. Whereas we have no expressions for operators G v independent of coordinates, we proved that the result of the composition of any two operators of type G v is an operator, whose action on the vectors of R 2 can be expressed by the coordinates-free trigroup formula (3).
Question. For a perfect form f , is any operator of GL(2, Z), sending conics f = N into conics f = N ′ , an operator of the extended semigroup?
Remark 2. It is not true, however, that for every perfect form f any operator of GL(2, Z) sending conics f = N to conics f = N f (u), for whatever fixed u, is an operator of type G u . Indeed, suppose that f is perfect and attains value 1 at v = (x, y). Thus operators (14), (15) and (16) transform conic {w ∈ Z 2 : f (w) = N } into a conic of the same family where f attains value N f (u). But the elements of the matrices of these operators cannot be written in terms of the coordinates (p, q) of u as those of matrix (19).
Appendix 1: On the Associativity Condition of the Trigroup Formula
Let v 1 , v 2 , v 3 , v 4 and v 5 be the five distinct vectors defined in Section 1.2. Among the vectors {v i }, choose a vector, say v 5 , called the s-vector (symmetryvector). Separate the four remaining vectors in two disjoint pairs of vectors, say pairs {v 1 , v 2 } and {v 3 , v 4 }. We shall call these unordered pairs forbidden pairs. We denote for short
where {v i , v j } is not a forbidden pair.
Proposition 2. Every quintuple of vectors v i , i = 1, . . . , 5, fulfils the following equation
Remark 1. Equation (22) 5.5. Action of SL(2, Z) on the parameters. The triples (m, n, k) defining forms which belong to the same orbit under the action, on the plane of binary forms, of the group SL(2, Z), are related by linear operators belonging to group SL(3, Z). Quadruples (a, b, c, d) defining perfect forms which belong to the same orbit under the action, on the plane of binary forms, of the group SL(2, Z), are related by linear operators belonging to group SL(4, Z).
In Section 2 we had proved that the semigroup formula is SL(2, Z)-invariant. Here we write explicitly the generators of SL(3, Z) for triples (m, n, k) and of SL(4, Z) for quadruples (a, b, c, d ), corresponding to the generators of SL(2, Z).
We shall use the generators :
We denote their inverse operators by Let us denote by G an operator of SL(3, Z), in particular we denote by T , T t , R the following generators, and by S, S t , R −1 their inverse operators:
Let us denote by G an operator of SL(4, Z), in particular we denote by T , T t , R the following generators, and by S, S t , R −1 their inverse operators:
Denote byuadruple (a, b, c, d) and by t triple (m, n, k). Moreover, denote
Let t = Q(q). Then the following identities hold:
Hence one obtains similar identities for the other generators.
Remark. The expression of the discriminant of the form in terms of the parameters a, b, c, d is the following:
Left member is invariant under the action on triple (m, n, k) of the G-operators, and right member is invariant under the action on quadruples (a, b, c, d ) of the G-operators. In the following tables there are shown the square sections k = const of C 5 . In each cell of every section, corresponding to a triple, the value of the discriminant D = 4mn − k 2 is written at the top. A star indicates that the triple is perfect. Near the star there is indicated some information (if available) on the semigroup: the number 1 simply indicates that value 1 is attained, otherwise the semigroup itself is given, when it is simple, for example 5Z, the multiplicative semigroup of the integers divisible by 5, or Z 2 , the semigroup of the squares of integers.
Remark. If form f (m,n,k) is perfect, then also form f (n,m,−k) is perfect (the two triples are in the same orbit of SL(2, Z)-action). Because of the symmetry of the family of forms: f (m,n,k) (x, y) = f (n,m,k) (y, x), it is clear that the sets of values attained by f (m,n,k) and by f (m,n,−k) do coincide, so the perfectness of (m, n, k) implies the perfectness of (m, n, −k). For this reason the two tables with opposite values of k are identical. 
